The plaquette valence bond solid (VBS) phase of the J 1 −J 2 antiferromagnetic (AFM) Heisenberg honeycomb model has been studied using plaquette operator theory. Considering six S = 
I. INTRODUCTION
Recently several different theoretical approaches have been applied to study J 1 −J 2 model on the honeycomb lattice. Na 2 IrO 3 [1], Na 2 Co 2 TeO 6 [2] are examples of AFM honeycomb lattice materials. The quantum Monte Carlo results [3] for the half filled honeycomb Hubbard model has shown the existence of gapped spin-liquid phase. DMRG calculations on the J 1 − J 2 honeycomb model has been executed [4] [5] [6] . The coupled cluster method has been applied on this model [7] . The existence of a Néel phase, a plaquette, and a dimerized VBS phases are observed. The Heisenberg model on the honeycomb lattice has been studied using series expansions [8] and the stability of Néel, columnar, and various spiral phases has been shown. Exact diagonalization studies on the J 1 − J 2 Heisenberg model have shown the presence of a resonance valence bond (RVB) state providing the evidence for short-range spin-gapped phases [14] . Using a Holstein-Primakoff expansion the presence and evolution of Weyl and Dirac nodes in the FM and AfM honeycomb lattice has been examined [13] .
Based on the SU(2) and SU(3) symmetry representations of the Schwinger boson approach, the complete phase diagrams of the J 1 − J 2 − J 3 Heisenberg honeycomb lattice has been obtained [9] . Sachdev and Bhat has been introduced the bond-operator theory to describe VBS phases of a Heisenberg model [10] . The formalism is then applied to describe dimerized phases, such as the columnar and staggered VBSs. The partial bond operator representation for the square plaquette has been introduced by Zhitomirsky and Ueda [11] . Later generalized bond-operator formalism for a four spin plaquette has been developed by Doretto [12] .
In this article, the plaquette operator representation considering six S = shown by examining the presence of mode crossovers in the triplet dispersion. The evolution of the magnetic Dirac and Weyl points with the exchange interactions has been observed.
The Hamiltonian of a single plaquette is introduced in Section II. In Section III plaquette operator theory is developed. In Section IV the formalism is applied to obtain a effective boson model. The model is analyzed within mean-field approximation in Section V. Section VI shows the evolution of Dirac and Weyl nodes with exchange interactions. Section VII holds a comprehensive discussion on the results.
II. SINGLE HEXAGONAL PLAQUETTE

Spin-
2
AFM Heisenberg Hamiltonian on the hexagonal plaquette is defined by
S i is the spin-state is doubly degenerate over the line, J 1 = 2J 2 . Ψ RVB is antisymmetric, whereas, Ψ ′ RVB is symmetric under the rotation by Variation of energy eigenvalues of single plaquette against J 2 /J 1 are shown in Fig.3(a) .
Variations of two lowest singlet energy and three lowest triplet excitations with respect to exchange interaction strengths are shown in Fig.3(b) . E s 1 -is the energy of the singlet state |s 1 -where as E s 2 is the energy of the singlet state |s 2 . E t 1 -is the energy of the three triplet states |t 1 -,α and E t 2 -= E t 3 -is the energy of the six triplet states |t 2 -,α and |t 3 -,α where α = x, y, z. It has been noted the excitation gap is associated with a singlet-triplet transition (triplet gap) for J 2 <
and with a singlet-singlet one (singlet gap) for 3 ) and K = (
3 ).
been written in terms of plaquettes of honeycomb lattice as shown in Fig.4(b) .
Here, r i is the plaquette index and the numbers τ 1 and τ 2 in the site indices represent the primitive vectors
a is the lattice spacing of the original honeycomb lattice which has been set to 1. The approximate bond-operator representation (Eq.5) has been substituted in (Eq.6) to write the Hamiltonian in the following form
n and m indicates that number of triplet and singlet operators in the expressions of H nm .
E 0 ia a constant.
with
where N is the number of sites of the original honeycomb lattice. The constraint (Eq.3) has been taken into account by adding the following term to the Hamiltonian (Eq.8)
where µ is the Lagrange multiplier.
In the region R 1 (J 2 <
), s 1 -,i is the lowest-energy singlet. The singlet operators |s 1 -,i is assumed to be condensed and has been replaced with a number in (Eq.8).
) the plaquette VBS state has been considered as a condensate of the lowest-energy singlets s 2,i . The singlet operators |s 2,i has been replaced with a number in (Eq.8).
Fourier transformation of the operators t † a,i,α and
Here the momentum sums run over the 1st Brillouin zone. 
V. MEAN-FIELD APPROXIMATION
The expressions of H 02 and H 20 in terms of singlet and triplet operators in momentum space becomes
.
where a, b = 1, 2, 3 and α, β, γ = x, y, z. The coefficients X ab k and Y ab k are given in Appendix C.
Singlet sector H 02 has been diagonalized separately and singlet excitation en-
has been introduced to diagonalize the triplet sector H 20 . Eq.12 has been written as
where
X k andŶ k are the 3×3 hermitian matrices having elements like X ab k and Y ab k respectively. After diagonalization the Hamiltonian assumes the form
E EGS is the ground state energy andĤ
Two sets of boson operators t and b are connected to each other by the following relation 
From the numerical results of µ and N 0 the triplet Ω a,k and the singlet Ω s = E sm − µ excitation energies have been obtained. g replacements PSfrag replacements
Variation of excitation gap with respect to J 2 /J 1 is shown in Fig Variation of ground state energy per site with respect to J 2 /J 1 is shown in Fig.6 (a). Result based on the POT is plotted in red line and that has been compared with the exact diagonalization data for 32 sites shown in blue points [14] . The value of E EGS /NJ 1 shows closer agreement with the exact diagonalization data in the disordered phases which is identified by the region shaded in pink, where this formalism stands valid. Moreover, the ground PSfrag replacements
Variation of (a) Ground-state energy per site and (b) spin gap against J 2 /J 1 .
state energy is always higher than the true value because of the fact that POT is basically a variational approach. E EGS /NJ 1 shows significant departure from the exact diagonalization data in the ordered regions since POT fails to capture the quantum correlation in those regions. Similarly, spin gap (∆/J 1 ) has been evaluated through the POT and that is shown ), (0, -
), (
), (-
) and (-
, - 
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VII. DISCUSSION
In this paper the plaquette operator representation has been introduced and the plaque- 
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Appendix A: ENERGY EIGENVALUES AND EIGENSTATES
In this section, we provide the expressions of all the eigenvectors and corresponding eigenvalues of the single hexagonal plaquette, Eq. 1. All energy eigenvalues are given below.
To write down all the eigenstates following notations have been used.
Here T is a unitary cyclic right shift operator. T |abcdef = |f abcde where |abcdef = |a ⊗ |b ⊗ |c ⊗ |d ⊗ |e ⊗ |f . All the energy eigenstates have been listed below.
(−1)
where the upper and lower signs respectively refer to α = x and y, λ x = −1 and λ y = i.
, Cs
= 1,
Appendix B: DETAILSBOND OPERATOR THEORY
The six spin operators S n α can be written in terms of singlet and triplet boson operators as
The values of λ n,k are given below where k = 1, 2, · · · , 19. Here α, β, γ = x, y, z and ǫ αβγ is the completely antisymmetric tensor with ǫ xyz = 1. Summation convention over repeated indices is implied here.
λ n,k n = 1, 4 n = 2, 5 n = 3, 6 λ n,k n = 1, 4 n = 2, 5 n = 3, 6
The analytic expressions of the coefficients A 
Here a, b = 1, 2, 3 and E ta is the triplet energy of the single plaquette.
The analytical procedure used to diagonalize the triplet sector of the harmonic Hamiltonian(15) has been described below. Instead ofĤ k ,Î BĤk has been diagonalized, wherê Using the procedure described in [17] the Bogoliubov coefficients has been determined.
The Bogoliubov coefficients u 
